In this article, we optimize a growth condition such that an analytic function being almost integer-valued at integers turns out to be a polynomial. Our argument relies on a computational optimization combined with Diophantine approximations on lattices.
Introduction
Denote by N the set of strictly positive rational integers. Let us investigate the nature of an entire function FðzÞ in one complex variable such that FðNÞ & Z, or FðzÞ taking values close to integers at any z 2 N. Our natural questions which arise are as follows.
(1) Is FðzÞ a polynomial? The answer is no, because of the existence of the functions such that FðzÞ ¼ 2 z or 3 z , etc. Then the second question arises: (2) Does there exist a suitable condition such that FðzÞ becomes a polynomial? Denote by Q the algebraic closure of Q in C. Consider a complex function FðzÞ in z 2 C which satisfies FðuÞ 2 Q for any u 2 Q. We may now ask the following more general question: (3) Is FðzÞ a polynomial or an algebraic function?
Indeed, there exist examples due to P. Stäckel [9] in 1895 of transcendental functions taking algebraic values at all algebraic points. Hence the answer to the third question is again, no, namely it is true that such FðzÞ supposed to verify FðuÞ 2 Q for any u 2 Q, is not necessarily algebraic function. On the other hand, the Hermite-Lindemann theorem in transcendental number theory shows expðÞ = 2 Q for any 2 Q, 6 ¼ 0, which says, there exists a transcendental function always taking transcendental values at any non-trivial algebraic point. Moreover, the Gel'fond-Schneider theorem notices 2 ffiffi Now let us restrict ourselves to consider an entire function FðzÞ such that FðNÞ & Z. For our question (2), we refer to a fundamental result of G. Pólya [8] concerning with such functions.
Recall the definition of the order of a complex function. We see that FðzÞ in theorems of Pólya is necessarily a polynomial in Q½z, but not in Z½z [consider for example, . Then FðzÞ is a polynomial over Q.
. Ã
Results for an Almost Integer-Valued Function
Our aim in the present article is to relax the hypothesis of theorem of Pólya from the viewpoint of Diophantine approximations.
Definition 2. We write kzk :¼ min m2Z jz À mj, the distance between z 2 C and the nearest integer.
In this section, by means of computational optimization joined with Diophantine approximation method, we prove the following results. These theorems show that an almost integer-valued entire function is a polynomial over Q, provided that the growth of the function is sufficiently bounded. Theorems 1 and 2 show, not only an integer-valued entire function but also an almost integer-valued function, namely a function taking values very close to integers, may turn out to be a polynomial. This is an improvement of a result in [5] concerning with a growth condition or an assumption for the distance from the nearest integer. Theorems 1 and 2 give explicit versions of a theorem due to Ch. Pisot dealing with an almost integer-valued function (Théorème 2 in [7] ). We prove both theorems by so-called Schneider's method (refer its applications found in [3, 10] ) of Diophantine approximations, that differs from Pisot's original proof.
Computational Lemmata
We collect here a few classical estimates. Throughout the article, we denote 'ðxÞ ¼ x log x. Lemma 3. Let N 0 be a sufficiently large integer. Let h 0 2 Q such that h 0 N 0 2 Z, 0 < h 0 < 1 2 . Let n; h be integers with 0 n N 0 À 1, 1 h h 0 N 0 . Then we have
Proof. Lemma 4. Let > 1 be a parameter 2 R and N ! 2 be an integer. Put Ã ¼ Let FðzÞ be an entire function in C with FðnÞ ¼ 0 for all n ¼ 0; 1; Á Á Á ; N À 1. Then we have
If N ! 10 5 then we have a more precised estimate:
with
Proof. We put
The function Q and F Q are analytic in the disk jzj N.
Since jQðzÞj ¼ 1, we have for jzj ¼ N: with certain 0 , 0 < 0 < 1. It is well-known that Euler's formula implies for z which is not negative integer (chapter XII, §12, page 237 of [12] 
):
Àðz þ 1Þ ¼ zÀðzÞ;
consequently we have
Hence we obtain with 0 < i < 1 ð1 i 3Þ. Thanks to a simple estimate for x > 0:
with certain 0 < a < 1, we have
Optimization for Lattices and Diophantine Approximations
This completes the proof. Ã Lemma 5. Let f ðzÞ be an analytic function on a disk jzj R in C. Let 0 ; . . . ; ' be pairwise distinct points in jzj < R. Then we have
where
Proof. Put
and for 1 n ' write also
The residue formula gives
where we denote À ¼ f 2 C; jj ¼ Rg. For 2 À, we get
then the required statement appears. Ã Lemma 6. Let f ðzÞ be an analytic function on a disk jzj R in C. Let 0 ; . . . ; ' be pairwise distinct points in jzj < R. Then
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For 1 n ' we also put
Again by the residue formula, we have
where À ¼ f 2 C; jj ¼ Rg.
For 2 À, we have jBðÞj ¼ 1, then the proof of the lemma is achieved. Ã
Proof of Theorem 1
Let N 0 be a sufficiently large integer.
Finally, let > 1 be a parameter 2 R.
[First step]: construction of an auxiliary function. Write
Suppose that the entire function f ðzÞ satisfies for sufficiently large r > 0:
log jf j r < r:
Let b n 2 Z such that k f ðnÞk ¼ jf ðnÞ À b n j e Àgn for all sufficiently large n and put
We construct an auxiliary function AðNÞ: X
